Abstract-Heterogeneous network (HetNet) deployment is considered a de facto solution for meeting the ever increasing mobile traffic demand. However, excessive power usage in such networks is a critical issue, particularly for mobile operators. Characterizing the fundamental energy efficiency (EE) performance of HetNets is therefore important for the design of green wireless systems. In this paper, we address the EE optimization problem for downlink two-tier HetNets comprised of a single macro-cell and multiple pico-cells. Considering a heterogeneous real-time and non-real-time traffic, transmit beamforming design and power allocation policies are jointly considered in order to optimize the system energy efficiency. The EE resource allocation problem under consideration is a mixed combinatorial and non-convex optimization problem, which is extremely difficult to solve. In order to reduce the computational complexity, we decompose the original problem with multiple inequality constraints into multiple optimization problems with single inequality constraint. For the latter problem, a two-layer resource allocation algorithm is proposed based on the quasiconcavity property of EE. Simulation results confirm the theoretical findings and demonstrate that the proposed resource allocation algorithm can efficiently approach the optimal EE. Index Terms-Green radio (GR), energy efficiency (EE), heterogeneous network (HetNet), resource allocation.
I. INTRODUCTION
O VER recent years, significant efforts have been directed towards improving the throughput of mobile networks in order to support the massive increase in network traffic demand. However, further substantial improvements can no longer be achieved by the conventional architecture using large coverage cells. On the other hand, strategic deployment of low-power base stations (BSs), i.e., small-cells, has been shown to greatly improve indoor coverage and system throughput [1] .
The main idea behind multi-tier cellular network or heterogenous network (HetNet) deployment is to overlay low power and low cost devices on coverage holes or throughput demanding hotspots to supplement conventional single-tier cellular networks. Due to the overlapping topology of HetNets, where different tiers of BSs coexist in the same coverage area, tackling the cross-tier inter-cell interference (ICI) has become a major challenge and a bottleneck towards improving network performance [2] . For example, interference coordination between large-and small-cells will significantly reduce the capacity in particular when a co-channel deployment is employed [3] . Consequently, how to design and deploy HetNets while managing the cross-tier interference has attracted a lot of attention in the research community.
Transmit beamforming is considered an efficient solution for managing interference. Beamforming design for conventional cellular network has been extensively studied for various scenarios. Authors in [4] developed a solution for the multiuser downlink beamforming problem with individual signal-tointerference-plus-noise ratio (SINR) constraints based on uplink-downlink duality theorem. Authors in [5] extended this duality to cognitive radio networks and developed a SINR balancing technique. In [6] , a transmit beamformer design technique for a spectrum-sharing network with mixed quality-ofservice (QoS) requirement was studied. Furthermore, transmit beamforming has also been considered as an efficient approach to interference management in HetNets. In [7] , a downlink beamforming design is considered for minimizing the total transmit power under SINR and interference constraints on multiple-input single-output (MISO) channels in HetNets. In [8] , robust MISO transmit optimization under outage-based QoS constraints in two-tier HetNets has been investigated. The non-convex optimization problem is transformed into a convex semidefinite programming problem, which reduces to a power control problem when all channel state information vectors are independent and identically distributed.
Meanwhile, spectral efficiency (SE) has been the main performance indicator for the design and optimization of wireless communication systems. It is an important measure for quantitatively evaluating the effectiveness of cellular systems and has been extensively studied for various technologies and scenarios. However, designing wireless communication networks solely based on SE fails to account for efficient power consumption and hence has severe implications in terms of both economic and ecological costs. Energy efficiency (EE), which is an indication of the delivered bits per-unit energy, is widely considered a first-order design constraint in green radio (GR) research, and has attracted much interest recently, e.g., single link optimization [9] , single cell scenario [10] , [11] , multi-cell deployment [12] , cognitive radio network [13] and cooperative relaying network [14] .
This work is licensed under a Creative Commons Attribution 3.0 License. For more information, see http://creativecommons.org/licenses/by/3.0/ On the other hand, another significant challenge is the greater energy consumption in HetNets because of the dense deployment of small-cell base stations. Consequently, EE optimization in HetNets has attracted a lot of research interest recently and mixed deployment using macro BSs with distributed low power BSs has been shown to have higher EE. Authors in [15] developed a theoretical framework for BS energy saving that encompasses dynamic BS operation and the related problem of user association together. In [16] , a framework to integrate the connections between EE and SE tradeoff in GR has been proposed. Authors in [17] summarized the challenges and opportunities to improve EE while increasing the network capacity in both multi-radio access technology (RAT) and single-RAT HetNets. In [18] , the EE of two-tier HetNets considering orthogonal channel deployment is studied. In [19] , both cochannel and orthogonal resource allocation scenarios are considered for analyzing the relationship between EE and the density of small-cells for the two-tier networks. A completely new approach for modeling and analyzing HetNets based on large-scale user behavior was proposed in [20] , where the heterogeneity of large-scale user behavior is quantitatively characterized and exploited to study the EE performance. In [21] , stochastic geometry is applied to analyze the EE aspect of HetNets. By considering inherently spatially-correlated interfering sources, a unified framework for the performance analysis of arbitrary-loaded downlink HetNets has been developed [22] . The authors in [23] extended the EE investigation into spectrum sharing and power allocation in heterogeneous cognitive radio networks with femto-cells, where a gradient based iterative algorithm was proposed to obtain the Stackelberg equilibrium solution to the energy-efficient resource allocation problem. In [24] , energy-efficient precoding in two-tier HetNets scenario with multiple fixed-rate services such as voice transmission has been investigated. By introducing the subspace decomposition method and exploiting the feature of HetNets, the EE optimization problem based on zero forcing (ZF) precoding is solved.
A. Main Contributions
In contrast to previous literature which analyzed EE of two-tier HetNets considering single-input single-output (SISO) systems [15] - [23] or MISO systems based on a fixed precoder such as ZF [24] , [25] or MMSE [26] technique, in this paper, we address the EE optimization problem for downlink two-tier HetNets, where transmit beamformer design and power allocation policies are jointly considered towards optimizing system energy efficiency. Furthermore, apart from the requirement to achieve high data rate under different channel condition, present and next-generation wireless networks are challenged to meet the diverse QoS requirements imposed by current and envisioned services [27] . However, most existing works on resource allocation in HetNets have focused on homogeneous users with same service and rate demands [24] , [28] . Therefore, motivated by the heterogeneous traffic model proposed in conventional OFDMA networks [29] , in this work, we have taken an information-theoretic design approach for channel-adaptive resource allocation where rate constraints are commonly used for QoS provisioning, e.g., a heterogeneous real-time and nonreal-time traffic model is considered for two-tier HetNets. In particular, for users with real-time services [27] , such as video conferencing and online gaming, fixed rates are required. Whereas for users with non-real-time services [27] , such as file transfers and online video, only minimum rate requirements are demanded.
The EE optimization problem is accordingly formulated as a mixed combinatorial and non-convex optimization problem. This, however, is extremely difficult to solve particularly as the EE optimization problem consists of multiple inequality constraints for non-real-time users and multiple equality constraints for real-time-users. Hence, to tackle the problem, we first investigate the relationship between EE and the achievable rates of all non-real-times users and prove this relationship forms a quasiconcave function. Since there is always a unique maximum over a finite domain for the quasiconcave function, we decompose the original problem with multiple inequality constraints into multiple optimization problems with single inequality constraint. For the problem with single inequality constraint, a two-layer resource allocation strategy is proposed based on its quasiconcave property. An inner-layer is used to find the maximum EE for a given achievable rate for users, while an outer-layer is designed to find the optimal EE via a gradient based algorithm. Furthermore, for the inner-layer of the proposed approach, three different solutions are developed. First, we transform the EE maximization problem to a power minimization problem, and then we develop an optimal solution based on semidefinite programming (SDP) with Lagrangian relaxation on the matrix rank. We then transform the SDP form to a second order cone programming (SOCP) form to reduce the computational complexity. Since the complexity of convex programming (SOCP) is still comparably high, we explore the property of the proposed optimization problem using the extended uplink-downlink duality theorem and propose a novel near-optimal upper-bound solution. The upper-bound near-optimal solution is more efficient compared to the convex programming-based optimal solution; however it still requires a large number of iterations if there exists many users or cells. To further reduce the complexity, a suboptimal solution based on the ZF approach is finally proposed to jointly remove the intraand inter-cell interferences.
B. Organization and Notation
The remainder of this paper is organized as follows. The system model and problem formulation is given in Section II. In Section III, the fundamentals for energy-efficient design in HetNets is studied, where in particular the EE optimization problem with multiple inequality constraints is transformed into a multiple single inequality problems. In Section IV, radio resource allocation algorithms are introduced by exploiting some properties of the optimization problem. In particular, three different solutions are developed including convex programmingbased optimal scheme, near-optimal upper-bound solution and ZF based low complexity suboptimal algorithm. Simulation results are provided in Section V and conclusions are drawn in Section VI. 
II. SYSTEM MODEL AND PROBLEM FORMULATION
In this section, we first introduce the topology of the two-tier HetNet and describe the system model. Then we mathematically formulate the EE optimization problem.
A. System Model
Consider the downlink of a two-tier heterogeneous cellular network, in which L pico-cells share the available radio spectrum with one existing macro-cell as illustrated in Fig. 1 . We assume that each cell is serviced by one BS and denote the set of all BSs as L = {0, 1, 2, · · · , L}. Without loss of generality, the macro-cell BS is indexed by 0 and the pico-cell BSs by 1, 2, · · · , L. There are K 0 macro user equipments (MUEs) in macro-cell, and K l (l ∈ L) pico user equipments (PUEs) in picocell l. Here we denote the set of all UEs associated with BS l ∈ L as K l . The macro-cell BSs and pico-cell BSs employ N M and N P l transmit antennas respectively while a single antenna is used at both MUEs and PUEs. We also make a reasonable assumption that the association of a certain UE with its own BS is fulfilled and fixed during the runtime of the underlying network optimization process. In the l th cell l ∈ L, the combined transmit beamforming vector corresponding to user [k, l], which consists of two parts, is defined as follows
where p [k,l] is the transmit power corresponding to the linear beamforming vector v [k,l] , and E v [k,l] 2 = 1. Thus the received signal for user [k, l] can be formulated as
where s [k,l] is the data symbol transmitted to the k th user in the l th cell with 
, and the rate achieved by user [k, l] is written as
where B denotes the transmission bandwidth shared by the macro-cell and pico-cells. It is well-known that BSs are the primary source of energy consumption in cellular networks. Due to the recent advances in circuit technology, it has been made possible for wireless transceivers to consume different power levels in different operational modes. Defining a quantitative BS power model is nevertheless challenging given one needs to take into consideration the particular deployment scenario and components configurations. The following linear power model is however shown to be a reasonable approximation [30] 
where ζ , P T and P C are respectively used to denote the BS reciprocal of drain efficiency of the power amplifier, transmission power, and circuit power consumption. It should be noted that the signal processing power running the proposed algorithms is not included in the the BS power model under consideration. This is based on the realistic assumption that P C is significantly greater than the power required for practical implementation of the corresponding algorithms.
Consequently, the total power consumption in the two-tier HetNet is defined as
where P [l] T and P [l] C respectively denote the transmission power and the circuit power at BS l respectively, and P
B. Problem Formulation
Conventional EE for downlink transmission is defined as the total number of delivered bits per unit energy, where energy consumption includes transmission and circuit energy consumptions in active mode. In this work, we define EE in the two-tier HetNet as
where C is the total sum rate in the HetNet. To obtain a high EE whilst guaranteeing the required QoS for each user with the limited bandwidth and transmit power resource, it is reasonable to maximize EE under a series of (minimum) rate requirements, which depend on the types of traffic of the corresponding users. Since the capability of providing different services is an important feature for future wireless networks, a heterogeneous traffic model including both real-time and non-realtime traffic is considered in our work. For users with real-time services [27] , such as video conferencing and online gaming, fixed rates are required. For users with non-real-time services [27] , such as file transfers and online video, only minimum rate requirements are demanded. Accordingly, the optimization problem for the HetNet can be formulated as
where P [l] max is the maximum total transmit power constraint at BS l. More precisely, P [0] max denotes the maximum power for the macro BS and P 
and R (NR) [k,l] denote the rates achieved by real-time users and nonreal-time users respectively, while δ (R) [k,l] and δ (NR) [k,l] are the target rates for real-time users and non-real-time users respectively. More practically, the minimum rate requirement for macro-cell users is set to be lower than that of pico-cell users.
With the existence of inter-cell interference and intra-cell interference in HetNets, and jointly considering transmit beamformer design and power allocation policies, the EE resource allocation problem results in a mixed combinatorial and nonconvex optimization problem, which is nontrivial and cannot be solved directly. Therefore, in the following sections, we develop resource allocation schemes to tackle the above EE optimization problem.
III. FUNDAMENTALS FOR ENERGY-EFFICIENT DESIGN IN HETNETS
In this section, we will study the fundamental requirements for energy-efficient design in HetNets. Problem (8)- (11) is a nonconvex optimization problem, which is extremely difficult to solve. To obtain an insight into this problem, we investigate the relationship between EE and the achievable rates of nonreal-times users, which are summarized in the following theorem.
Theorem 1: For any rate vector for non-real-time users that satisfies the minimum rate constraint,
achieved with transmit beamformer v [k,l] and power allocation
is strictly quasiconcave in R (NR) .
Proof: see Appendix A. For any continuous and strictly quasiconcave function, there is always a unique maximum over a finite domain [31] . Thus, according to Theorem I, a unique optimal EE always exists. However, for the EE optimization problem in (8)- (11), there exists multiple inequality constraints which are very challenging to solve. Motivated by the Lagrange dual decomposition method in multi-carrier system [29] , we can use the gradient ascent method to produce the maximizing sequence R (NR) , n = 1, 2, · · · , and
However, there is no closed form expression for this vector gradient, and hence it is impossible to use (16) to solve the EE optimization problem in (8)- (11) . On the other hand, the gradient ascent method in (16) can be transformed into the following form
Consequently, the gradient ascent method for vector space can be decomposed into multiple scalar gradient. Therefore, we propose an iterative algorithm to tackle the EE optimization problem in (8)- (11) . The idea is that we decouple the multiple inequality constraints into a series of single inequality constraint by keeping one non-real-time user at a time and setting all others to be virtual real-time users. Then we obtain the corresponding maximum EE λ opt EE based on this setting, and repeat the process for the next user. In particular, if user
, L) is set to the non-real-time user, all other non-real-time users is considered as virtual real-time users (equality constraint). Hence the EE optimization problem is now converted to
is the optimal rate for all other non-real-time users obtained from previous iterations. After solving the above optimization problem, we obtain the optimal rate for user
With the updated optimal rateR (NR)
[k * ,l * ] , we then set the next non-real-time user, i.e.,
, L) as the only non-real-time user, and set other non-real-time constraints into virtual real-time ones (with updated rate from user [k * , l * ] in the previous iteration). Thus constraints (20) - (21) should be modified as
Once we obtain the corresponding maximum EE in this iteration, we save the optimal EE value in the buffer and update the corresponding optimal rate for user
. This process is repeated for all the non-real-time users until convergence, i.e., λ
The pseudocode of the proposed solution is detailed as follows:
(2) Solve the EE maximization problem in (18)- (21) and save λ opt EE (n) in the buffer; (3) For the next non-real-time user, modify the constraints using (22)- (23); (4) Repeat steps (2) and (3) 
To solve the decoupled EE maximization problem with only one inequality constraint, i.e., problem in (18)- (21) (Step 2), we exploit the property of the optimization problem which is summarized in the following theorem.
Theorem 2: For any given rate for a non-real-time user
is strictly quasiconcave in R (NR) [k,l] . Proof: Theorem 2 is a special case of Theorem 1, and thus a similar proof in Appendix A can be applied and is ignored here.
Theorem 3: In the rate region for user The key aspect of the proposed scheme lies in the inner-layer which computes λ EE (R (NR) [k * ,l * ] ) and will be discussed in detail as analysis proceeds.
IV. RESOURCE ALLOCATION ALGORITHMS
In this section, we introduce resource allocation algorithms for the proposed two-layer scheme by exploiting some properties of the optimization problem. In particular, we develop three solutions for the inner-layer process. First, we develop an optimal solution based on second order cone programming. Since the complexity of convex programming is comparably high, we propose an upper-bound near-optimal solution based on the uplink-downlink duality. To further reduce the computational complexity, a suboptimal solution based on ZF precoder is proposed. Finally, a complete solution to the two-layer scheme is presented.
A. Optimal Solution Using Convex Programming
Since the problem in (24)- (28) involves fixed rate constraints, the EE maximization problem is equivalent to the following power minimization problem min w [k,l] l∈L k∈K l
s.t.
Here, we consider the combined beamformer vector w [k,l] in (1) for the power minimization problem. By defining a unit-rank matrix 
where γ (R) [k,l] is the target SINR for the real-time user and is defined as γ
However, when the channel covariance matrix is written in the form of (30)- (33) to the SOCP form. Hence for the case of unit-rank channel covariance matrices, the optimization problem can be formulated as min w [k,l] l∈L k∈K l
An SOCP of the above form can be solved efficiently using using interior point methods [31] , and the corresponding complexity for solving this SOCP problem is O(9N 4 t K 4 (L + 1) 4 ). It must be noted that the original constraints in (30)- (33) are non-convex due to the fractional quadratic form. For unitrank channel covariance matrices, this has been solved by introducing additional constraints as in (41) and converting the constraints into the second order cone form as in (37)-(40). However, for general rank channel covariance matrices, the optimal solution can be obtained using semidefinite programming.
B. Near-Optimal Iterative Algorithm Using Uplink-Downlink Duality
Although convex programming is numerically stable, its computational complexity depends on the number of optimizing variables, which can be large if the number of users or the number of pico-cells is large. As for the optimal solution, we need to do convex programming (second order cone programming) for every possible rate obtained through the outerlayer. The complexity of this scheme is comparably high. Here, we will explore the property of the proposed optimization problem using the extended uplink-downlink duality theorem and propose a novel near-optimal upper-bound solution.
Theorem IV: For any given rate for a non-real-time user
is the upper-bound of the solution to the problem in (24)- (28) . Proof: Since l∈L P l max = P max , the constraint in (23) automatically satisfies (43), however constraint (43) does not necessary satisfy (23) , and hence the maximum EE in this constraint set is the upper-bound of the EE achieved in (24)- (28) .
To solve this problem, we first revisit the existing uplinkdownlink theorem for single-cell multiuser systems. Consider a downlink scenario, where K users must achieve individual target SINRs γ 1 , · · · , γ K for successful communication. The total transmission power available at the base station is limited by P max . Therefore, the downlink SINR balancing problem is defined as
It was shown in [33] that under the same sum power constraint, the SINR balanced levels C DL (U, P max ) and C UL (U, P max ), which are achievable for a certain matrix in downlink and uplink, have the same achievable regions in the absence of noise. Authors in [4] further extended this duality to the case with individual receiver noise powers using a scaled covariance matrix method. Since (43) is a sum power constraint in our HetNet scenario, the uplink-downlink duality still holds. Similar to [4] , we extend the algorithm to our HetNet scenario and jointly design the transmit beamformer and power for the downlink transmission. Similar to subsection A, the optimization problem in (42)-(46) is equal to a power minimization problem due to fixed rate constraint, which is written as follows
and constraints (44)- (46) are written into the SINR equation as in (50). In order to solve this power minimization problem, we first look at the SINR balancing problem. Let p and U be a downlink global maximizer of the SINR balancing problem. Hence,
where p is the downlink power allocation vector containing
is the total number of serviced user including macro users and pico users. Extending the duality in [4] to our HetNet scenario, with q and U as the global maximizer of the uplink optimization problem, the problem in (51) is equivalent to
where q is the uplink power allocation vector containing [q [1, 0] 
To solve the above problem, we need to decompose the beamforming design and power allocation. For fixed transmit beamforming setting U, we can solve the following matrix equation to obtain the optimal uplink power allocation [4] (U,
where is the extended uplink coupling matrix defined as L] )} and is defined as (55), shown at the bottom of the page. The uplink power allocation q is obtained as the first K all components of the dominant eigenvector of (U, P max ), scaled such that its last component equals one.
For a given uplink power allocation q, the optimization problem can be decoupled to K all parallel problems to obtain the beamformer U, which is expressed as follows
where
The matrices Q are nonsingular and symmetric; thus (56) is solved by the dominant generalized eigenvectors of the matrix pairs
. Therefore, to jointly design the beamformer and power control in the uplink transmission, we can iteratively repeat the beamforming step (53) and the power control step (56) until convergence. Now, Let us consider the original power minimization problem in (48)-(50). Assuming that C UL (P max ) > 1 holds for the SINR balancing problem in (51), added degrees of freedom can be used to minimize the total transmission power. The power minimization problem in (48)- (50) 
This problem is closely related to the SINR balancing problem. Thus, we can use a modified version of the SINR balancing algorithm to solve this power minimization problem. We first have to make sure that the SINR requirements γ [1, 0] L] are feasible. As soon as C UL (U n , P max ) > 1 is fulfilled, the global power minimum (57) can be found by changing the power control policy for the subsequent iterations.
We fix our constrain to SINR UL [k,l] γ [k,l] = 1 and minimize the total power. Similar to the solution in (52), we can obtain the optimal uplink solution q by writing the set of equations SINR UL [k,l] γ [k,l] = 1 in the matrix form as follows
Once all relative SINRs are balanced, we can finally obtain the downlink power allocation as
The complete algorithm is summarized in Table I . The complexity for the proposed near-optimal iterative algorithm using uplink-downlink duality for achieving δ-optimality is O [31] . 
C. Zero Forcing Based Suboptimal Scheme
The upper-bound near-optimal solution proposed in the previous subsection is more efficient compared to the convex programming-based optimal solution; however it still requires a large number of iterations if there exists many serviced users or cells. To further reduce the complexity, we employ the ZF precoder to jointly remove the intra-and inter-cell interferences. Therefore, the precoding vector for user [k * , l * ] should satisfy (60), shown at the bottom of the page, such that the symbols sent from BS l * do not cause interference to users in other cells as well as other users in the same cell. Hence, we can use (60) to design the beamformer for all users in macro-cell and picocells. Furthermore, the required minimum number of transmit antennas at marco BS and pico BSs are the total number of serviced users K all . The achievable data rate of the user [k * , l * ] can be expressed as
After designing the beamforming vectors for all the users, we need to allocation power. Since the interference is completely cancelled by the ZF beamformer, the two-tier HetNet scenario has been transformed to a single-user model. Therefore, defining the effective channel g
and substituting (62) in (61), we obtain the optimal power allocation corresponding to the beamforming vector in (60) as
inter-cell interference channel As a result, applying the beamformer design in (60) and power allocation in (63) to all users, the predefined target rate can be achieved. It should be noted that the ZF based scheme can ensure zero intra-and inter-cell interferences at the receiver of each user; hence this method is appropriate at high SNR region or with sufficient antennas at the BSs as the intention was to fully utilize the available degrees of freedom for transmission.
In Table II , the computational complexity of the aforementioned optimal, upper bound near optimal solution, and lowcomplexity zero forcing approach is listed for comparison. We calculate the complexity based on the number of floating points. As it can be seen from Table II , the optimal solution has the highest complexity since the interior point method being used to solve the SOCP problem. On the other hand, as expected, the suboptimal zero forcing approach is the least complex approach among all solutions under consideration.
D. A Complete Solution to the Two-Layer Approach
We are now ready to present a complete algorithm to solve the EE optimization problem in (18) [k * ,l * ] ), is obtained using the proposed resource allocation algorithms in the previous subsections. The rate R (NR) [k * ,l * ] is then updated based on Theorem 3 and the following searching scheme
where β > 1 is the searching step. Moreover, β needs to be reduced when the gradient
changes sign as in
and (64) is repeated until convergence, i.e., |λ
The computational complexity of the outer-layer algorithm depends on the number of iterations and is given by O [31] . The complete solution to the EE optimization problem in (18)- (21) is summarized in Table III .
E. Analysis and Extension to Multi-Macro Cell Scenario
In previous sections, only one macro BS is considered to describe the operation of the proposed algorithms. In this subsection, we study the impact of macro cell-tier (co-tier) inter -TABLE III  THE COMPLETE SOLUTION TO THE EE-SE OPTIMIZATION PROBLEM ference, particularly the applicability of the proposed algorithm in multi-macro cell settings.
Consider the downlink of a two-tier heterogeneous cellular network, in whichL pico-cells share the available radio spectrum withL existing macro-cells, where the total number of cells in the network is L =L +L (denote the set of all BSs as L =L +L). Each cell has K l (l ∈ L) users; in particular, there areK l (l ∈L) MUEs in the macro-cell, andK l (l ∈L) PUEs in the pico-cell. Here we denote the set of all UEs associated with BS l ∈ L as K l . Thus the received signal for macro user
However, we can combine the "co-tier interference" and "crosstier interference" together as "inter-cell interference" as per the analysis from the previous section. Hence, we have the following expression for macro user
inter-cell interference +n [k,l] . (67) Therefore, the optimization problem for multi-macro cell scenario can be equivalently expressed as the single-macro cell scenario (8)- (11), with L =L +L. Accordingly, Theorem 1 still holds in the case of multi-macro cell in two-tier HetNets. Consequently, by employing the decoupled iterative algorithm proposed in Section III with the two-layer resource allocation scheme proposed in Section IV, the EE optimization problem in a multi-macro cell scenario can be solved efficiently. In particular, for the optimal solution based on SOCP in (36)-(40), the set of cells in the two-tier HetNet should be updated to L =L +L, and it can be efficiently solved using interior point methods [31] .
For the near-optimal upper bound approach, Theorem 4 still holds for the case of multi-macro cell where constraint (43) is updated as
Hence, the proposed iterative power minimization scheme based on the extended uplink-downlink duality can be applied. Finally, to further reduce the complexity, the proposed ZF precoder which jointly removes the intra-and inter-cell interferences should satisfy (69) and (70), shown at the bottom of the page, such that the symbols sent from BS l * do not impose interference on users in the other cells as well as other users in the same cell. Hence, we can use (69) and (70) to design the beamformer for all users in macro-cells and pico-cells.
V. SIMULATION RESULTS
In this section, we present simulation results to verify our theoretical findings and analyze the effectiveness of the proposed algorithms in terms of EE. There exists three pico-cells sharing the available radio spectrum with one existing macro-cell in a two-tier heterogeneous network. It is assumed that three users are serviced in each cell including both macro-cell and picocell. The radius of the macro-cell is 250 m, and that of the pico-cells is 50 m. We consider uniformly-distributed pico-BSs around the macro-cells. Further, each pico-BS is surrounded by uniformly-distributed users. All results are obtained from various random locations of the users with identical and independent Rayleigh fading channels. The data rate requirements for real-time user at macro-cell and pico-cells are set to 50 Mbps and 100 Mbps respectively while the minimum rate requirements for non-real-time user at macro-cell and pico-cells are set to 100 Mbps and 200 Mbps respectively. Other simulation parameters are shown in Table IV . It is noted that these system parameters are merely chosen to demonstrate the EE optimization in an example and can easily be modified to any other values to address different scenarios.
In the first simulation, the performance of the proposed resource allocation scheme is investigated. The convergence behavior of the proposed approach is first evaluated by illustrating how the system performance behaves with the number of iterations in terms of EE and SE. Fig. 2 plots EE and SE versus the number of iterations of the proposed resource allocation scheme, respectively. As it can be seen from the figure, both EE and SE converge after approximately 40 iterations when β = 2. However, the convergence procedure reduces to 17 iterations when a larger step size is chosen, i.e., β = 3. This result coincides with our theoretical findings where the computational complexity is inversely proportional to the square of step size β 2 . We then evaluate the EE-minimum rate relationship (Theorem 2) with single non-real-time user for the case of different circuit powers at pico-BSs (1, 5, 10 W). It can be seen from Fig. 3 that the EE-minimum rate relationship has a bell shape curve and is quasiconcave; this quasiconcavity is the macro-user:
pico-user:
co-tier interference channel
cross-tier interference channel foundation of the proposed two-layer methodology. Fig. 3 also compare and indicate the influence of circuit power on the EEminimum rate relation. From there, as expected, the optimal EE decreases with increased circuit power due to the higher power consumption. Finally, The performance of the proposed decoupled approach is compared to the optimal EE in Fig. 4 . It can be observed that the proposed iterative algorithm successfully reaches the optimal EE after 15 iterations, and hence confirming the validity of the developed methodology. We then compare the proposed suboptimal scheme with the convex programming-based optimal scheme and the nearoptimal upper-bound approach. The optimal EE is evaluated across the channel-gain-to-noise ratio (CNR) from 0 dB to 30 dB. Fig. 5 shows that the EE achieved by the near-optimal upperbound method is close to that of the convex programming-based optimal scheme. Furthermore, as expected, the proposed zero forcing based suboptimal scheme gets closer to the optimal solution as CNR increases. Specifically, the proposed suboptimal scheme results in an EE that is 95% of the optimal EE at 30 dB. The optimal EE is then evaluated against different number of transmit antennas at macro-BS and pico-BSs from 12 to 20 as Fig. 6 . Similar to Fig. 5 , the EE achieved by the Fig. 5 . Comparison of suboptimal low complexity scheme with convex programming-based optimal scheme and near-optimal upper-bound scheme under different channel-gain-to-noise ratio. near-optimal upper-bound method is close to that of the convex programming-based optimal scheme. Moveover, the proposed zero forcing based suboptimal scheme gets closer to the optimal solution as the number of antennas is increased given that there are more degrees of freedom available for transmission. Hence, we can employ the proposed suboptimal scheme to lower the system complexity whilst achieving near-optimal performance in the high SNR region or with sufficient antennas at the BS.
In the next simulation, the maximum EE is evaluated under different minimum rate requirement for pico non-real-time users. Here the same minimum rate requirements for all the pico non-real-time users is used. Fig. 7 presents the optimal EE against minimum rate requirements. It can be observed from Fig. 7 that when the minimum rate requirements are smaller than or equal to a certain threshold, the optimal EE is the same, but drops when the opposite occurs. This can be explained using the results in Fig. 3 , where it shows that as rate increases, EE increases until it reaches the optimal point, and then it starts to drop. Therefore, if the minimum rate demands is low, the most energy efficient design is to operate at the optimal transmission rate. This is why the optimal EE is the same for low minimum rate demands. However when the minimum rate requirement is high, the optimal operation is to simply fulfil that rate requirement as in this case the higher the rate, the lower the EE.
Finally, the impact of the number of pico-cells to the optimal EE is evaluated and presented in Fig. 8 . The pico-BSs are randomly located in the coverage area of the macro cell whilst three users (K = 3) are randomly located in the coverage region of each pico-cell. In addition to the 12-antenna per BS setting, the case with 18-antenna per BS is also evaluated. As shown in the figure, the optimal EE first increases then decreases as the number of pico-cells increases, and the optimal number of picocells is three for 12 transmit antennas and five for 18 transmit antennas. This is because when there are only a few pico-cells in the HetNet, the inter-cell interference caused by the macro-BS and other pico-BSs is comparably low and there exists enough signal spaces to compensate it. However, when there are more users than the number of transmit antennas, the inter-cell interference will become significant and more power is required to satisfy the minimum rate target, resulting in a lower EE is achieved. Therefore, interference mitigation or interference management techniques are required in such case [34] .
VI. CONCLUSION
In this paper, we address the EE optimization problem for two-tier HetNets consisting of a macro-cell and multiple pico-cells. Transmit beamforming design and power allocation policies are jointly considered to optimize the system's EE. In addition, a heterogeneous traffic model including both real-time and non-realtime traffic is taken into account. We proved the relationship between EE and achievable rate is a quasiconcave function. Based on that, we decompose the original problem with multiple inequality constraints into multiple optimization problems with single inequality constraint. Three different solutions are then developed including convex programming-based optimal scheme, near-optimal upper-bound solution and zero forcing based low complexity suboptimal algorithm. Simulation results confirm the theoretical findings and demonstrate that the proposed approach can efficiently approach the optimal EE.
APPENDIX A PROOF OF THEOREM 1
Proof: In order to prove the quasiconcavity of λ * EE (R (NR) ), we first introduce the definition of a quasiconcave function. A function f : R n − R is called quasiconvex if its domain and all its sublevel sets
for θ ∈ R, are convex [31] . A function is quasiconcave if −f is quasiconvex, i.e., every superlevel set x|f (x) ≥ θ is convex. Hence, we denote the superlevel sets of λ * EE (R (NR) ) as
According to [31] , λ * EE (R (NR) ) is strictly quasiconcave in R (NR) if S β is strictly convex for any real number β. When β < 0, no points exist on the counter λ * EE (R (NR) ) = β. When β ≥ 0, we rewrite λ EE as
and hence S β is equivalent to ζβP T (R (NR) )
[k,l] ≤ 0. To prove S β is a convex set, our aim now is to prove P T (R (NR) ) is convex in R (NR) .
To find out the relationship between P T and R (NR) , the optimization problem in (12)- (15) can be transformed to the following optimization problem min v [k,l] ,p [k,l] P T (74)
B log 2 1+γ
where R (NR)
, L) forms the non-real-time rate vector R (NR) . By defining a rank one matrix, this problem is convex and can be solved using semi-definite programming with Lagrangian relaxation on the rank of the matrix [31] . We hence write the Lagrangian dual function as follows .
To obtain an insight into the problem, the relationship between EE and each non-real-time user is investigated. More precisely, we consider the non-real-time user [k * , l * ] as our target, and transform the other non-real-time users to real-time users. Thus (78) can be written as 
P T R (NR)
[
